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Abstract. A high-resolution nonlinear numerical 
model is used to simulate propagation of internal gravity 
waves (IGWs) from the troposphere to the upper atmos-
phere. This simulation takes into account background 
wind profiles containing critical levels at which the hor-
izontal wind velocity becomes equal to the horizontal 
phase speed of IGW. According to traditional linear 
theories of atmospheric waves, near critical levels the 
vertical wavelength approaches zero, which should lead 
to a strong dissipation of IGWs propagating from the 
troposphere and may significantly decrease their ampli-
tudes in the upper atmosphere. The wave sources in the 
model are defined as vertical velocity perturbations 
propagating along the Earth surface. The mean horizon-
tal wind in the atmosphere is approximated by the 
Gaussian profile with a maximum at an altitude of 50 
km. We analyze the spectra of wave fields near critical 
levels and at a distance from them. It has been found 

that the instability of waves near critical levels intensi-
fies the energy transition from primary IGWs propagat-
ing from surface sources to secondary wave modes. 
This causes an increase in spectral peaks at wavelengths 
shorter than the horizontal length of primary IGW. 
Therefore, above critical levels, spectral modes with 
shorter horizontal wavelengths begin to prevail with 
increasing altitude, and the amplitudes of these second-
ary waves at the same altitudes can exceed the ampli-
tudes of analogous primary IGW propagating in the 
absence of critical levels in the middle atmosphere. 

Keywords: acoustic-gravity waves, spectrum, sec-
ondary waves, numerical simulation, upper atmosphere, 
middle atmosphere. 

 
 

 
 

INTRODUCTION 
Internal gravity waves (IGWs) are an important 

component of the dynamics of the middle and upper 
atmosphere. These waves play an important role in so-
lar-terrestrial physics, connecting phenomena in the 
lower and upper atmosphere, as well as influencing 
Earth's ionosphere. A significant part of IGWs is gener-
ated in the lower atmosphere, in particular due to the 
space-time irregularity of atmospheric heating because 
of absorption of solar radiation. Then IGWs propagate 
to high altitudes with an increase in the amplitude of 
disturbances due to a decrease in atmospheric density. 
This results in the formation of wave-like ionospheric 
irregularities affecting geophysical fields and radio 
wave propagation.  

Waves generated in the lower atmosphere transfer 
energy and momentum to the mesosphere and thermo-
sphere. Due to dissipation and transfer of momentum to 
the mean flow, IGWs can lead to significant variations 
in hydrodynamic parameters of the atmosphere, up to a 
reversal of zonal circulation in the mesosphere and low-
er thermosphere (MLT), and affect the circulation in the 
middle and upper atmosphere, including the thermo-
sphere and the ionosphere [Yiğit, Medvedev, 2009; 
Miyoshi et al., 2014]. Therefore, for more detailed study 

of the atmosphere dynamics, space weather, and solar-
terrestrial relationships, progress is needed in under-
standing the processes associated with IGWs. 

To account for IGW effects in the general atmos-
pheric circulation model, parameterizations of 
mesoscale waves and their influence on the mean flow 
are used which should be compared with observations 
[Alexander et al., 2010]. There are numerical models of 
global circulation on a fine spatiotemporal mesh [Becker, 
Vadas, 2018], but resolution of these models makes it 
possible to describe only IGWs with long horizontal 
lengths. In this regard, when developing climate models 
and integrated models of atmospheric and ionospheric 
circulation, effective schemes for parameterizing dy-
namic and thermal IGW effects are still needed.  

Recently, the numerical simulation of nonlinear 
IGW and turbulence in the atmosphere has been actively 
developing. In [Bidlingmeier, Pogoreltsev, 1992; Po-
goreltsev, Pertsev, 1995], numerical simulation of IGWs 
propagating upward from the troposphere and triggering 
ionospheric disturbances was carried out. The works 
[Fritts et al., 2009, 2014] are devoted to simulation of 
disruption of IGWs accompanied by formation of Kel-
vin—Helmholtz instability in atmospheric regions with 
small vertical and horizontal dimensions. Numerical 2D 
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models of IGW in the atmosphere were used in [Yu et 
al., 2009; Liu et al., 2008]. 

Gavrilov and Kshevetskii [2014] developed a nu-
merical 3D model with high space-time resolution, 
which describes the behavior of nonlinear IGWs in the 
atmosphere from the Earth surface to the thermosphere. 
The algorithm of the model takes correctly into account 
the laws of conservation of energy, momentum, mass 
and the thermodynamic law of nondecreasing entropy 
[Gassmann, Herzog, 2015]. This model can find physi-
cally based generalized solutions of hydrodynamical 
equations, and the computational scheme is stable in the 
regions of instability of nonlinear waves and turbulence 
generation, where many numerical algorithms become 
unstable. Such a stable algorithm makes the numerical 
model [Gavrilov, Kshevetskii, 2014] applicable to study 
IGWs and their disruption in a wide range of altitudes, 
facilitating closer examination of the mechanisms of 
dynamic interactions between different atmospheric 
layers. 

Propagation of nonlinear IGWs in the middle and 
upper atmosphere is accompanied by cascade energy 
transfer across the spectrum to smaller-scale wave 
modes [Gavrilov et al., 2022; Gavrilov, Kshevetskii, 
2023]. Lengths and periods of such secondary modes of 
the first type are shorter than primary nonlinear IGWs 
generated by wave sources in the atmosphere. Second-
ary IGWs of the first type can accelerate the transition 
of wave energy to turbulence. 

Moreover, disruption of primary IGWs can lead to 
spatial irregularities of wave accelerations and heat in-
flows on scales that are comparable to horizontal di-
mensions of wave packets [Vadas et al., 2003, 2018]. 
Such irregularities, in turn, can create secondary wave 
modes of the second type, whose lengths and periods 
are longer than those of primary IGWs. Secondary 
waves of both the first and second types may have hori-
zontal phase velocities and vertical lengths greater than 
those of primary IGWs [Vadas, Liu, 2013; Vadas et al., 
2023]. Such fast IGWs are less susceptible to dissipa-
tion due to their molecular and turbulent viscosity and 
thermal conductivity. They can reach higher altitudes 
and transfer momentum and energy more efficiently to 
the thermosphere [Vadas et al., 2023].  

Occurrence and evolution of secondary IGW modes 
today seem to be an important and poorly understood 
process that can significantly affect the mechanisms of 
wave momentum and energy transformation and trans-
fer. For example, of particular interest are regions of 
convective and dynamic instability in which amplitudes 
of primary IGWs can considerably increase and the 
generation of secondary wave modes can be greatly 
intensified. 

More detailed study of secondary IGWs is facilitated 
by the application of numerical models with high space-
time resolution and by the development of methods for 
separating spectra of primary and secondary IGW modes. 
Gavrilov et al. [2025] illustrate the possibility of generat-
ing secondary waves near critical levels at which the hor-
izontal wave phase velocity is equal to the mean wind 
velocity, which causes instability and disruption of IGWs. 

Gavrilov and Kshevetskii [2023] developed a meth-
od that makes it possible to separate horizontal spatial 

spectra obtained by the 3D nonlinear high-resolution 
model, which are created by primary and secondary 
IGWs at different altitudes in the atmosphere at fixed 
instants of time. It was shown that some time after acti-
vation of a wave source on the Earth surface peaks of 
secondary waves with large horizontal wave numbers, 
multiples of the wave numbers of primary IGW, appear 
in the spectra. This separation of primary and secondary 
IGW spectra allows us to estimate relative amplitudes of 
secondary wave modes at different times, at different 
altitudes, and with different stability of average wind 
and atmospheric temperature profiles. 

In this paper, the method developed by Gavrilov and 
Kshevetskii [2023] is used to separate and then analyze 
in detail the evolution of spectra of primary and second-
ary IGWs if there are critical levels, studied in [Gavrilov 
et al., 2025], in the vertical profile of the background 
wind. Near critical levels, the vertical length of primary 
IGW decreases significantly and the wave becomes un-
stable, which makes it possible to expect a more intense 
amplification of spectral components other than the 
primary wave [Bowman et al., 1980]. This separation 
method can demonstrate differences between spectra of 
secondary atmospheric IGWs for the presence and ab-
sence of critical levels in the background wind profile. 

 
1. NUMERICAL MODEL 
In this paper, we employ a numerical three-

dimensional model with high space-time resolution to 
describe nonlinear IGWs in the atmosphere [Gavrilov, 
Kshevetskii, 2014]. The model uses complete three-
dimensional hydrodynamic equations in the plane ge-
ometry approximation [Gavrilov, Kshevetskii, 2014]. It 
includes nonlinear processes and dissipation, which 
affect the IGW behavior in the atmosphere, and enables 
us to study such complex processes as instability and 
disruption of IGW, as well as turbulence generation. 

The average temperature profiles T0(z) for the calcula-
tions are taken from the semi-empirical atmospheric 
model NRLMSISE-00 [Picone et al., 2002]. Mean coeffi-
cients of molecular thermal conductivity and viscosity are 
calculated by the Sutherland formula [Kikoin, 1976]. This 
model also takes into account background turbulent 
thermal conductivity and viscosity whose coefficients are 
maximum (to 10 m2/s) in the surface layer and in the 
lower thermosphere and minimum (to 0.1 m2/s) in the 
stratosphere (see [Gavrilov, Kshevetskii, 2014]).  

Zero values of vertical velocity and vertical gradi-
ents of horizontal velocity and temperature are used at 
the upper boundary [Gavrilov, Kshevetskii, 2014]. 
These boundary conditions cause reflection of IGWs 
coming from the lower layer of atmosphere. In this 
study, the upper boundary is set at an altitude of 600 
km, at which the molecular thermal conductivity and 
viscosity are very high, and waves reflected from the 
upper boundary fade rapidly. Testing shows that at dis-
tances of more than two heights of the homogeneous 
atmosphere from the upper boundary the influence of 
upper boundary conditions can be ignored, so at alti-
tudes up to 200 km, considered in this paper, the influ-
ence of upper boundary conditions is negligible. At the 
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lower boundary (on the Earth surface), the boundary 
conditions are written as follows (see [Gavrilov, 
Kshevetskii, 2014]): 

( ) ( ) ( )

( ) ( )
0 0 0

0 h0

0, 0, 0,
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where T', w, u, v are wave variations of temperature and 
velocity components along the vertical z-axis and the 
horizontal x and y axes respectively. In (1), the expres-
sion for the vertical velocity at the lower boundary is 
utilized as a source of plane IGWs in the model. Here, σ 
and W0 are the observed frequency and amplitude of an 
excited primary wave; ( ),r x y and ( )h ,x yk k k



 are the 
horizontal radius vector and wave vector, where kx and 
ky are horizontal wave numbers along the x and y axes 
respectively. In this study, the horizontal x-axis is di-
rected parallel to the horizontal wave vector; therefore, 
for primary IGW kh=kx and ky=0. 

Monochromatic wave components (1) can be inter-
preted as components of Fourier transform of turbulent, 
convective, and mesometeorological processes. Such 
processes can be approximated by superposition of ef-
fective spectral components of vertical velocity on the 
Earth surface [Townsend, 1965, 1966]. 

Numerical calculations begin under windless atmos-
pheric conditions with stationary profiles of average 
density, temperature, molecular viscosity, and molecular 
weight according to the NRLMSISE-00 model [Picone 
et al., 2002] for 50° N in January at moderate solar ac-
tivity (F10.7=150 s.f.u.). The temperature profile used 
in the simulation is shown in the top panel of Figure 1. 

To analyze the influence of critical levels on the 
IGW behavior, the projection of the stratomesospheric jet 

 
Figure 1. Vertical profile of the mean zonal background 

temperature [K] for January at 50° N (top) and model Gaussian 
profile of the projection of wind speed on the direction of 
the horizontal wave vector [m/s] (bottom). The dashed line 
indicates the horizontal phase IGW velocity used in the 
calculations 

stream on the direction of the primary wave is approxi-
mated by a Gaussian function with a maximum of 80 
m/s at an altitude of 50 km (bottom panel in Figure 1). 
This wind profile coincides with the wind model adopt-
ed in [Gavrilov et al., 2025]. 

Previous experiments with this model have demon-
strated that sudden activation of wave source (1) can 
form a great initial wave momentum that can reach the 
upper atmosphere in a few minutes. To ensure smooth 
activation of the wave source, in the described simula-
tion the amplitude W0 in (1) is multiplied by a Gaussian 
function, which increases from zero at t=0 to 1 at t=ta 
(see details in [Gavrilov et al., 2022]). In this study, ta is 
considered as the time of activation of the wave source 
in the model, and at t>ta the amplitude of the source W0 
in (1) is constant.  

It is natural to assume that for small W0 in (1) the 
numerical solution for the lower atmosphere at at t  
should aim for stable waves described by the linear the-
ory of atmospheric IGWs (e.g., [Gossard, Hooke, 
1975]). Gavrilov et al. [2015] demonstrated that simu-
lated amplitude ratios of different wave fields correlate 
well with the polarization ratios of the linear IGW theo-
ry [Gossard, Hooke, 1975] for at t  at 100 km. 

In this paper, we analyze primary IGWs generated 
by ground source (1), which propagate parallel to the x-
axis. The horizontal size of the analyzed atmospheric 
region Lh=800 km. Periodic conditions are used at the 
boundaries of this horizontal region (see [Gavrilov, 
Kshevetskii, 2014]). In the simulation, we employed 
wave source (1) with ky=0 and an IGW amplitude 
W0=0.01–0.1 mm/s. Low amplitudes correspond to 
weak IGWs when nonlinear effects are negligible. 
Source (1) at W0~0.1 mm/s produces intense IGWs and 
significant nonlinear interactions in the upper atmos-
phere [Gavrilov, Kshevetskii, 2023]. 

The number of horizontal lengths of primary wave 
within the analyzed region n=4, which corresponds to 
the horizontal length of wave λh=Lh /n=200 km and 
acoustic-gravity wave (AGW) periods τ=λh /ch~1.9–0.6 
hr for the range of horizontal phase velocity values 
ch~30–100 m/s. The step of the horizontal grid of the 
numerical model Δx=λh /32, and the time step is selected 
automatically and amounts to several seconds. The ver-
tical grid of the model covers altitudes from the Earth 
surface to 600 km and contains 1024 unequally spaced 
nodes. The vertical grid step varies from 12 m in the 
surface layer to 3 km near the upper boundary; hence 
almost 70 % of the grid nodes are located in the tropo-
sphere and middle atmosphere.  

Section 3 presents the simulation results for ch=30 
m/s intrinsic to IGWs with a relatively long vertical 
length, which can propagate from the Earth surface to 
the upper atmosphere. 

 
2. IDENTIFICATION  OF SPECTRUM 
 OF SECONDARY AGWs 
Similarly to [Gavrilov, Kshevetskii, 2023], spectra of 

simulated wave fields versus the horizontal wavenumber 
are calculated at different instants of time for horizontal 

107 



N.M. Gavrilov, S.P. Kshevetski, A.V. Koval, Yu.A. Kurdyaeva 

planes located at fixed altitudes. The calculated variable fi 
is set on the horizontal grid with coordinates xi(i=1, 2, ..., 
N) on the given plane. To identify Fourier transform com-
ponents for each kh≈kx, the set of fi values is approximated 
by the sum 

( ) ( ) ( ) ( )h h h hcos sin .cf X k k x Y k k x= +  (2) 

After using the least square method to determine the 
cosine and sine Fourier transforms X(kh) and Y(kh), the 
amplitude Af(kh) and the spectral density Sf(kh) can be 
found from formulas 

( ) ( )
2

h2 2
h h, .

2
f

f f

L A
A k X Y S k= + =

π
 (3) 

Applying (2) and (3) is equivalent to the popular Lomb—
Scargle spectral analysis method [Lomb, 1976; Scargle, 
1982]. If grid nodes xi are equidistant, (2) and (3) yield a 
result equivalent, say, to the fast Fourier transform. Ap-
proximation (2) by the least square method is also possible 
for unequally spaced grid nodes. Figure 2 of [Gavrilov, 
Kshevetskii, 2023] shows the spectral density Sw(kh) of 
vertical velocity at various altitudes. 

The use of wave source (1) and the excitation of 
plane primary IGW with horizontally uniform amplitude 
distribution at the lower boundary allow us to separate 
the spectra of primary and secondary waves, which have 
horizontal lengths different from the horizontal length 
of the primary wave. Horizontal velocity inhomogenei-
ties in the numerical model can cause local variations in 
the horizontal wavenumber of primary IGW kh1. Be-
cause of this, the spectral maximum associated with 
primary IGW can widen and occupy a narrow range of 
wavenumbers [ ]h h1 h1,k k k∈ −ε + ε  near the main max-
imum at kh=kh 1. The spectral density of secondary 

IGWs ( )hfS k′  can therefore be obtained by excluding 
all spectral components that fall within the ε-
neighborhood of kh. The spectrum ( )hfS k′  in 

[ ]h h1 h1,k k k∈ −ε + ε  can be replaced by linear interpo-
lation between spectral density values at the boundaries 
of the interval. An example of identification of the spec-
trum of secondary IGWs is given in Figure 1 in [Gav-
rilov, Kshevetskii, 2023]. The said separation of spectra 
makes it possible to find variances of perturbations of 
the function f: 2

1fδ  and 2
2fδ , which are caused by pri-

mary and secondary IGW modes respectively: 
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where kh0 and khm are minimum and maximum bounda-
ries of the spectral region under study. 

 
3. SIMULATION RESULTS 

The purpose of this work is to examine the effect of 
critical levels on propagation of primary IGW and the 
formation of the spectrum of secondary wave modes. 
We make calculations for IGW source (1) with a hori-
zontal phase velocity ch=30 m/s. Such IGW has a verti-
cal length of ~10 km and can propagate without signifi-
cant attenuation to ~100 km.  

If a wave propagates eastward in the direction of the 
mean flow in the winter middle atmosphere, it can reach 
a critical level at which ch=u0. In the bottom panel in 
Figure 1, there are two critical levels corresponding to 

      
Figure 2. Model wave fields of vertical velocity [m/s] in the XOZ plane in a windless atmosphere (left) and in the pres-

ence of critical levels in the mean wind profile (right) for IGW with ch=30 m/s and wave source amplitude (1) W0 =0.1 mm/s 
at t=52 hr after the start of the simulation. Horizontal lines indicate heights of critical levels 
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intersections of the mean wind profile and the dashed line 
indicating ch=30 m/s. Heights of these critical levels in 
Figure 1 are ~33 and 67 km. 

The left panel in Figure 2 shows the cross-section of 
simulated vertical velocity wave field by a vertical plane 
passing through the horizontal x-axis in a windless at-
mosphere with the vertical temperature profile from 
Figure 1 for t=52 hr after activation of wave source (1) 
at the lower boundary and stabilization of wave oscilla-
tions at the altitudes of interest. There are constant 
phase surfaces inclined to the horizon below 100 km 
and characteristic of atmospheric IGWs. According to 
the theory of plane linear stationary IGWs in a windless 
atmosphere (e.g., [Gossard, Hooke, 1975]), the angle of 
wavefront inclination to the horizon is arcsin(τb/τ), 
where τb and τ are the Brunt—Väisälä and IGW periods. 
This corresponds to the theoretical vertical wavelength 
λz≈chτb that yields λz~9–12 km for ch=30 m/s at τb~(3–
4)∙102 s peculiar to the temperature profile at altitudes 
50–100 km in January in Figure 1. Estimates of the dis-
tance between successive inclined wavefronts in the left 
panel in Figure 2 give λz≈10 km at 50–100 km, which 
matches the above range of theoretical λz values. 

In the right panel of Figure 2 is the vertical velocity 
field similar to that shown in the left panel, but for the 
mean wind profile from Figure 1, which is prescribed at 
the initial time. Horizontal lines at ~33 and 67 km in Fig-
ure 2 denote two critical levels (see the bottom panel in 
Figure 1), where the mean wind velocity is equal to the 
horizontal wave phase velocity.  

The right panel in Figure 2 indicates that between 
the two critical levels the direction of inclination of 
wavefronts to the x-axis is reversed. This is due to the 
fact that the primary IGW intrinsic frequency ω=σ–kxu0 
becomes negative between the critical levels. Upward 
IGWs have a positive vertical component of wave ener-
gy flux ( )2

0 / 2 0,p w U m′ ′ −ρ w >−  where ρ and p are 
density and pressure; m and U are vertical wavenumber 
and amplitude of horizontal velocity variations; strokes 
and overline mark wave variations and wave period 
averaging respectively. Maintaining positive p w′ ′  dur-
ing ω sign reversal corresponds to m sign reversal and a 
change in the direction of inclination of the wavefronts 
to the horizon between the lower and upper critical lev-
els in the right panel of Figure 2. 

Comparing the left and right panels in Figure 2 
shows that the wave field penetrates above critical lev-
els, although the linear IGW theory predicts that the 
energy of a plane primary wave should undergo strong 
dissipation near a critical level and decrease significant-
ly when passing it [Bowman et al., 1980]. However, in 
the right panel, IGW amplitudes at altitudes above 120 km 
in the presence of critical levels are much higher than 
those of primary IGW for a windless atmosphere in the 
left panel. This can occur, in particular, as a result of 
transfer of primary IGW energy to other wave modes 
due to convective instability of the temperature and 
wind wave profile in the vicinity of the critical level and 
propagation of these secondary modes above the critical 
level [Bowman et al., 1980]. 

Furthermore, in the right panel above 100 km the 
wave field has 2–3 times as many maxima and minima 
along the x-axis as in the left panel for primary IGW, 
which has four maxima and minima. The same result 
was obtained in [Gavrilov et al., 2025]. This testifies 
that secondary waves are generated which may have 
horizontal lengths shorter than primary IGW and which 
may prevail in the upper atmosphere above critical lev-
els. Simulation of IGW spectra by the nonlinear model 
[Gavrilov, Kshevetskii, 2023] has revealed that the sec-
ondary wave modes with horizontal lengths 2–3 times 
shorter than those of primary IGW have maximum am-
plitudes. 

Figure 3 presents model horizontal spatial spectra of 
IGWs in the troposphere and stratosphere. In left panels 
in Figure 3 (for a windless atmosphere and in the ab-
sence of critical levels), the maximum corresponding to 
horizontal wave number of primary IGW kh1 predomi-
nates. In the right panels of Figure 3 in the presence of a 
critical level in the mean wind profile, the primary IGW 
amplitude at 10 km is approximately the same as in the 
windless atmosphere. Near and above critical levels at 
30 km and 50 km, the spectral density of primary IGW 
in the right panels is much lower than that in the wind-
less atmosphere in the left panels. At the same time, the 
spectral density of secondary waves with kh>kh1 near 
and above the critical level is 1–2 orders of magnitude 
higher in the right panels than in the left ones. 

Figure 4 displays spectra similar to those in Figure 3 
for MLT heights. The maximum corresponding to primary 
IGW with kh=kh1 is seen to prevail, and the spectral density 
of secondary waves with kh>kh1 in the windless atmosphere 

 
Figure 3. Spectral density of vertical velocity wave field 

Sw(kh) [m3 s–2] in a windless atmosphere (left) and in the pres-
ence of critical levels in the mean wind profile (right) for IGW 
with ch=30 m/s and wave source amplitude (1) W0 =0.1 mm/s 
at t=52 hr at different altitudes (marked with numbers in km) 
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Figure 4. The same as in Figure 3, but for the altitude 

range 70–110 km 
 

 
Figure 5. The same as in Figure 3, but for the altitude 

range 130–210 km 

is low (left panels). At 70 km near and above the upper 
critical level, the maximum intrinsic to primary IGW is 
practically absent in the right panels, and secondary 
waves predominate in the spectra. Spectral densities in 
Figure 4 increase with height due to a decrease in at-
mospheric density, since dissipation of relatively long 
IGWs is low. 

Figure 5 illustrates spectra similar to those presented 
in Figures 3 and 4, but for different levels in the thermo-

sphere. In the left panels in Figure 5, as in Figures 3 and 
4, the maxima typical of primary IGW with kh=kh1 dom-
inate, yet the corresponding spectral densities are sever-
al orders of magnitude lower than those above critical 
levels in the right panels. This is due to strong dissipa-
tion of primary IGW under the action of high molecular 
viscosity and thermal conductivity in the thermosphere. 
Some of the secondary wave modes generated near crit-
ical levels in the middle atmosphere can have high hori-
zontal phase velocities and long vertical lengths and can 
propagate to high altitudes in the atmosphere. 

Right panels in Figure 5 suggest that as the altitude in-
creases, enhancement of dissipation leads to a decrease in 
spectral density at large wave numbers. Therefore, the 
spectrum in the right panels becomes narrower and is lim-
ited to small wave numbers. Interestingly, at 210 km a 
maximum appears at kh=kh1, similar to the primary wave, 
in the right panel, but its spectral density is almost six or-
ders of magnitude higher than that of primary IGW in the 
corresponding left panel. This suggests that the wave mode 
with kh=kh1 at 210 km has ch and λ h larger than for prima-
ry IGW. Such a fast wave can occur as a result of nonlinear 
interactions in the spectrum of secondary IGWs. This as-
sumption is confirmed by the results obtained in [Zhao et 
al., 2017], where an increase in vertical wavelengths with 
height was experimentally shown, which is attributed to 
generation of long secondary IGWs by shorter waves 
dominating in the stratosphere. 

Table lists model RMS values (standard deviations) 
of vertical velocity variations, caused by primary IGW 
and secondary wave modes, at different altitudes for a 
windless atmosphere and in the presence of critical lev-
els. Variance of disturbances generated by primary and 
secondary IGWs was estimated according to Formula 
(4) after separating spectra of primary and secondary 
IGWs, as described in Section 2. The amplitude of the 
primary wave (proportional to δw10) in a windless at-
mosphere is seen to increase to an altitude of 100 km, 
and then it decreases under the effect of high molecular 
viscosity and thermal conductivity so that primary IGW 
practically disappears above 150 km. The relative con-
tribution of secondary waves to vertical velocity pulsa-
tions in a windless atmosphere is small and varies little 
with height. 

In the presence of critical levels, the amplitude of 
primary IGW in Table increases in the troposphere and 
stratosphere at altitudes below the first critical level in 
Figure 1 and is approximately equal to the amplitude of 
the primary wave in a windless atmosphere. A sharp 
retardation in the growth rate of δw1 as compared to δw10 
near critical levels at 30 and 70 km (see Table) occurs 
due to dissipation of wave energy and its transition to 
secondary wave modes. At 70–80 km, δw1 values are 
only 5 % of the corresponding δw10 values. At the same 
time, amplitudes of secondary waves increase signifi-
cantly in the vicinity of critical levels so that at 70–90 
km δw2 is 9–11 times higher than δw1. In the upper at-
mosphere, δw2 prevails up to ~200 km. 

Table shows an increase in δw1 (amplitude of IGW 
with kh=k h1) at all altitudes from 70 km to 250 km so that 
at 250 km δw1>δw2. However, this wave cannot be the 
primary IGW generated by wave source (1), since even in 
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Altitude dependence of the model [mm/s] RMS variations in vertical velocity, which are generated by primary IGW (δw10, δw1) 

and secondary wave modes (δw20, δw2), as well as their ratios. The "zero" index indicates the values obtained for a windless at-
mosphere. 

z, km 
Windless atmosphere With critical levels Ratios  

δw10 δw20 δw20 /δw10 δw1 δw2 δw2 /δw1 δw1 /δw10 δw2 /δw20 

0 0.07 0.02 0.22 0.07 0.02 0.23 0.99 1.00 
10 0.11 0.02 0.22 0.11 0.07 0.62 1.02 2.87 
20 0.22 0.05 0.22 0.23 0.13 0.58 1.06 2.81 
30 0.53 0.12 0.22 0.26 0.36 1.36 0.46 3.08 
40 1.22 0.26 0.22 0.59 0.83 1.41 0.50 3.13 
50 2.62 0.58 0.22 1.36 1.88 1.38 0.53 3.26 
60 4.90 1.10 0.22 0.98 2.57 2.61 0.20 2.34 
70 9.57 2.14 0.22 0.61 5.22 8.59 0.05 2.44 
80 20.1 4.45 0.22 1.12 12.3 11.0 0.05 2.77 
90 43.6 9.69 0.22 2.47 22.8 9.25 0.06 2.35 

100 83.4 18.7 0.22 8.63 63.3 7.34 0.10 3.38 
110 58.5 12.7 0.22 16.4 135.1 8.23 0.30 10.6 
130 5.15 1.15 0.22 36.3 250.8 6.91 64.8 217.7 
150 1.43 0.31 0.22 33.4 312.9 9.38 16.5 1007.3 
170 0.50 0.12 0.25 39.4 194.6 4.94 73.9 1563.2 
190 0.23 0.07 0.29 40.8 199.4 4.89 161.1 3024.5 
210 0.09 0.03 0.39 56.3 168.2 2.99 558.5 4868.8 
250 0.08 0.03 0.42 82.6 67.3 0.81 1006.0 2098.1 

 
a windless atmosphere δw10 for primary IGW is insignifi-
cant above 150 km, and in the presence of critical levels 
the primary wave is practically absorbed below 70 km 
(see Table). The reason for large δw1 may be the reverse 
transition of the energy of secondary waves to IGW with 
k h=k h1, which, nonetheless, has a horizontal phase veloc-
ity and a vertical length greater than the primary wave. 
Such IGW dissipates less under the effect of molecular 
viscosity and thermal conductivity and can propagate to 
high altitudes in the atmosphere.  

In [Zhao et al., 2017; Becker and Vadas, 2018], 
IGWs in the middle atmosphere were studied using lidar 
observations of temperature variations. It was found that 
vertical lengths and horizontal phase velocities of IGWs 
at altitudes 30–40 km are usually less than the simulta-
neously observed ones in the mesosphere and lower 
thermosphere. 

Becker and Vadas [2018] adopt a high-resolution 
general circulation model, which allows direct modeling 
of IGW with relatively large horizontal (λh>165 km) 
and vertical (λz>1.5 km) wavelengths. The authors show 
that secondary IGWs with large λz can be generated at 
altitudes slightly above the maximum velocity of the 
polar vortex. Comparison of the simulation results with 
lidar measurements has revealed that λz is smaller in the 
stratosphere and larger in the mesosphere due to the 
generation of long secondary wave modes. 

Vadas et al. [2023] studied IGW propagation 
through a polar vortex in the stratosphere and found that 
upward and downward secondary wave modes are gen-

erated at 50–60 km, where primary IGWs dissipate and 
create inhomogeneous wave accelerations and heat in-
flows generating long secondary waves of the second 
type. The upward and downward secondary waves were 
observed with a Rayleigh lidar at the Alomar Observa-
tory in northern Norway and were simulated by the gen-
eral circulation model HIAMCM, which has sufficient 
resolution to identify long IGWs. In the context of our 
calculations using the high-resolution model, the gener-
ation of downward secondary waves near critical levels 
can explain the increased values of δw2 in Table at 10–
20 km, which exceed the corresponding values of δw20 
for a windless atmosphere. 

IGW simulation at altitudes from the Earth surface 
to the thermosphere is carried out in [Vadas et al., 
2024]. The authors show that IGWs generated below 
and inside the polar vortex dissipate and produce inho-
mogeneous wave accelerations and heat inflows in the 
upper stratosphere and lower mesosphere, which excite 
secondary wave modes. Secondary waves increase with 
height, become unstable, collapse, and generate waves 
of the next order. This process is repeated and can give 
rise to mesoscale and large-scale high-order wave 
modes in the thermosphere. These waves can have ver-
tical lengths much longer than primary IGWs in the 
lower atmosphere. The simulation results agree well 
with satellite, lidar, and meteor radar observations. 
Thus, jet streams in the middle atmosphere can lead to 
the generation of high-order wave modes with long ver-
tical lengths in the thermosphere through multi-stage 
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interaction between nonlinear waves as they propagate 
vertically. 

The simulation carried out in this work confirms the 
importance of secondary IGW modes for the dynamics of 
the middle and upper atmosphere. Increased generation of 
secondary waves near critical levels of jet streams in the 
middle atmosphere can enhance IGW activity in the 
thermosphere. The results of analysis of only the second-
ary wave spectra as a function of the horizontal wave-
number are presented above. It can be expected that the 
frequency spectra of secondary waves are no less wide 
and cover significant frequency ranges. The spectrum of 
secondary waves can therefore contain components with 
large horizontal phase velocities that correspond to long 
vertical wavelengths. This allows us to explain the results 
of our simulation, namely that the spectrum of secondary 
waves generated by primary IGW in the middle atmos-
phere may hold components that are characterized by 
lower dissipation and can create significant wave disturb-
ances in the thermosphere. Critical levels of the vertical 
profile of the background velocity in the middle atmos-
phere can enhance the generation of secondary wave 
modes. The upward components of these secondary 
modes with long vertical lengths can cause disturbances 
in the upper atmosphere that are more intense than the 
direct effect of primary IGW propagating in a windless 
atmosphere. 

This paper presents results for only one value of the 
amplitude, horizontal wavelength, and phase velocity of 
the wave source at the lower boundary of the atmos-
phere, as well as one vertical temperature profile and 
one vertical structure of the atmospheric jet stream. 
Changes in these parameters can affect the conditions of 
energy and momentum exchange between primary 
IGW, background flow, and secondary waves. Further 
research is required to study the dependence of charac-
teristics of secondary wave modes coming into the 
thermosphere from surface wave sources on the model 
parameters listed above. 

 
CONCLUSION 

In this paper, we have simulated atmospheric IGWs, 
using the nonlinear model with high space-time resolu-
tion. The algorithm was applied which allows us to sep-
arate the spectrum of primary IGWs excited by a wave 
source on the Earth surface and the spectrum of second-
ary waves generated by primary waves at different 
heights of the atmosphere. The simulation takes into ac-
count background wind profiles containing critical levels at 
which the horizontal wind velocity becomes equal to the 
horizontal phase velocity of IGW. 

According to the traditional linear theory of atmos-
pheric waves, the vertical wavelength approaches zero 
near critical levels, which should lead to a strong dissi-
pation of IGWs propagating from the troposphere and a 
significant decrease in their amplitudes in the upper 
atmosphere. The model wave sources are defined as 
vertical velocity perturbations propagating along the 
Earth surface. The jet stream in the atmosphere is ap-
proximated by the Gaussian profile of the mean zonal 
wind with a maximum at 50 km. 

The simulation carried out in this work confirms the 
importance of secondary IGW modes for the dynamics 
of the middle and upper atmosphere. Critical levels of 
the vertical profile of the background velocity in the 
middle atmosphere can enhance the generation of sec-
ondary wave modes. The instability of waves near criti-
cal levels intensifies the energy transition from the 
background flow and primary IGWs from surface 
sources to secondary wave modes. This leads to an in-
crease in spectral peaks at wavelengths shorter than the 
horizontal length of primary IGW.  

Increased generation of secondary waves near criti-
cal levels in the middle atmosphere can enhance IGW 
activity in the thermosphere. Our simulation shows that 
the spectrum of secondary waves generated by primary 
IGW in the middle atmosphere, despite shorter horizon-
tal wavelengths, may contain components with longer 
vertical wavelengths, which have less dissipativity and 
can create significant wave disturbances in the thermo-
sphere. Upward components of these secondary modes 
with long vertical lengths can cause disturbances in the 
upper atmosphere that are more intense than the direct 
effect of primary IGW propagating in a windless atmos-
phere. 

The dependence of characteristics of secondary IGWs 
excited near critical levels on the parameters of primary 
IGWs and changes in background temperature and wind 
profiles call for further investigation. 

This research was financially supported by the Rus-
sian Science Foundation (Grant No. 25-17-00166). 
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