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Abstract. The second-order amplitude perturbations 

driven by Alfvén waves are studied. Equations for such 

second-order perturbations are derived and their solu-

tions are found. The second-order perturbations are 

shown to be generated by the magnetic pressure of the 

waves. They represent plasma flows and magnetic field 

perturbations in a plane perpendicular to the direction of 

the field perturbation and plasma displacement in the 

Alfvén wave. In connection with the interpretation of 

fast plasma flows observed in the magnetotail, of par-

ticular interest is the description of second-order flows, 

which relates their properties to properties of Alfvén 

waves and the disturbance that generates these waves. 

The results suggest that at least some of the fast plasma 

flows observed in the magnetotail can be one of the 

manifestations of propagating Alfvén waves. The envi-

ronment model and cold plasma approximation in use 

are quite applicable for the plasma sheet boundary lay-

ers, where an essential part of the fast plasma flows oc-

curs. 

Keywords: Alfvén waves, magnetotail, fast plasma 

flows. 

 

INTRODUCTION 

The study of second-order perturbations in Alfvén 

waves is of interest primarily in connection with the 

interpretation of observed plasma flows in the magneto-

tail [Zong et al., 2007; Fruhauff, Glassmeier, 2016]. 

Alfvén waves propagating both to and from Earth have 

been long and widely observed in the magnetotail [Keil-

ing et al., 2000, 2005; Takada et al., 2005, 2006; Keil-

ing, 2009]. A source of Alfvén perturbations in the tail 

lobes and adjacent plasma sheet boundary layer (PSBL) 

can be perturbations penetrating from the solar wind, 

and instabilities of different types, including reconnec-

tion in the magnetotail [Lee, 1998; Leonovich et al., 

2003; Walker, 2005; Klimushkin et al., 2012; Leo-

novich, Kozlov, 2013; Mazur, Chuiko, 2013; Birn et al., 

2015; Mager et al., 2017]. Alfvén perturbations can also 

arise due to transformation of fast magnetosonic modes 

(FMS modes) of the waveguide in the magnetotail 

[Wright, Allan, 2008; Mazur et al., 2010; Dmitrienko, 

2013]. At the same time, in this region there are so-called 

fast plasma flows propagating, like Alfvén waves, to and 

from Earth, depending on the point of observation. Along 

with these flows, magnetic perturbations are usually rec-

orded [Cao et al., 2006; Zong et al., 2007; Du et al., 2011; 

Fruhauff, Glassmeier, 2016]. 

The formation of the flow in Alfvén waves has been 

explored when studying nonlinear effects in Alfvén 

waves [Dmitrienko, 1997]. Dmitrienko [2011] consid-

ered a monochromatic wave with the time envelope 

arising from FMS-wave transformation as a source of 

formation of such a flow. The flow obtained in this 

model is not limited to propagation direction, as well as 

the wave that generates it. Such a pattern of the wave 

and its associated flow is inconsistent with the observed 

perturbations whose size in the direction along the geo-

magnetic field is finite. 

This paper examines the Alfvén waves generated by 
the initial perturbation with finite size in two coordi-
nates, one of which is directed along the unperturbed 
magnetic field. The Alfvén waves oppositely propagat-
ing along the unperturbed magnetic field, which are 
driven by this initial perturbation, have a finite size in 
the direction of their propagation. This formulation of 
the problem allows us to trace propagation of Alfvén 
waves to and from Earth and the evolution of their driv-
en second-order perturbations, including plasma flows 
associated with these waves. The choice of the fairly 
simple model of medium is explained by the fact that it 
can analytically describe the formation of the second-
order perturbations and relate the characteristics of the 
fast plasma flows in Alfvén waves to the characteristics 
of the perturbation that generates these waves. This 
model does not, of course, reflect the structure of the 
geomagnetic tail, in which Alfvén perturbations are 
presumably formed, but it can adequately describe the 
phenomenon under study. A very large number of ob-
servations of fast plasma flows are made in PSBL, 
where the cold plasma approximation is quite valid (the 
β parameter varies in the region from 0.25 near the 
plasma sheet to β<0.1 in tail lobes). 

The strong magnetic field toward Earth or from it 
(depending on from which of the two tail lobes the 
boundary is examined) ensures that the effect of the 
small magnetic field component across the tail is weak. 
This allows us to consider the magnetic field in PSBL as 
direct. An Alfvén perturbation propagates along the 
field, therefore it and its associated second-order pertur-
bation do not go beyond the range of applicability of the 
approximation in use. The only essential feature of 
PSBL, which is ignored in the model of medium, is the 
Alfvén velocity inhomogeneity in a direction perpen-
dicular both to the field direction and to the azimuth 
direction. The effect of this factor on the results is dis-
cussed in Conclusion. 
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It should be noted that there is a direction in the 

study of the formation of flows in Alfvén waves as a 

result of the development of the secondary instability, 

caused by nonlinear effects. This direction is, in particu-

lar, represented in [Pokhotelov et al., 2003, 2004; Zhao 

et al., 2012]. These papers have mentioned the funda-

mental role of kinetic effects in generating convective 

motions. In the present paper, the formulation of the 

problem is different, which allows us to obtain second-

order flows generated by nonlinear effects in the cold 

plasma approximation. This is due to the difference in 

problem setting, which is explained by focusing on dif-

ferent physical phenomena. The papers [Pokhotelov et 

al., 2003, 2004; Zhao et al., 2012] aim at applying the 

results to stationary turbulent processes, while the pre-

sent work focuses on its application to perturbations 

localized in space and time. Accordingly, in 

[Pokhotelov et al., 2003, 2004; Zhao et al., 2012] con-

vection flows are identified, if it is formulated in terms 

of harmonic decomposition as a zero longitudinal-

coordinate harmonic, by corresponding averaging. In 

this case, the averaged longitudinal ponderomotive 

force exists only due to small effects — dissipative 

[Dmitrienko, 1997] or kinetic [Pokhotelov et al., 2003, 

2004; Zhao et al., 2012]. In this paper, we examine the 

longitudinally localized Alfvén perturbations and corre-

spondingly the second-order flows, which are also lon-

gitudinally localized. The longitudinal ponderomotive 

force generating such flows exists in the absence of 

small effects too. In addition, in [Pokhotelov et al., 

2003, 2004; Zhao et al., 2012], the solution is found 

only as a perturbation of small transversal scales; for the 

perturbation considered in the present work from a cer-

tain initial time, no assumptions are made about its 

transversal scale. When the transversal scale of Alfvén 

perturbation tends to zero, the transversal component of 

the velocity of the flow obtained in this paper disap-

pears in agreement with the fact that [Pokhotelov et al., 

2003, 2004; Zhao et al., 2012] convection flows for the 

transversely-small-scale Alfvén waves are produced 

only by kinetic effects. The transversal scale has no 

effect on the existence of the longitudinal flow. 

 

1. INITIAL EQUATIONS 

As initial equations we use  
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   (1) 

Here B is the magnetic field, ρ is the plasma density, 

v is the plasma velocity. We believe that when unper-

turbed the plasma is at rest in a uniform magnetic field 

B0; ρ0 is the unperturbed uniform plasma density. Given 

the presence of perturbation, replace notations as fol-

lows B → B0+B, ρ → ρ0+ρ, where B and ρ are the field 

and density perturbations; v is the plasma velocity in the 

perturbation. Direct the Z-axis of the Cartesian coordi-

nate system along B0. 

Suppose that in plasma there is an initial perturba-

tion uniform in a direction y, which is specified by a 

function of z and x. Hence, the resulting perturbation is 

a function of z and x. Assume that in this perturbation 

the x and z field and velocity components as well as 

density are small, of order of ε, ε<<1: 

0 0 0

~ ~ ~ ~ ~ , 1,x xz z

a a

B vB v

B B V V


  


  (2) 

Va is the Alfvén velocity: 

0

0

.
4

a

B
V 


  

Impose no restrictions on By and vy, assume only that 

they are of the same order: 

0

~ .
y y

a

v B

V B
     (3) 

Dropping the terms in (1) that, according to (2), (3), 

are negligible compared to the remaining ones, obtain 

the equations 

2, ;t y z y t y a z yb v v V b         (4) 

;t x z xb v        (5) 

 ;t z x xb v        (6) 

 2 2 2 2 / 2;t x a z x a x z a x yv V b V b V b         (7) 

 2 2 / 2;t z a z yv V b        (8) 

  0 .t x x z zv v          (9) 

We designate b=B/B0. Equations (4) are for Alfvén 

waves, and system (5)–(9) includes equations for the x 

and z field and velocity components as well as for densi-

ty. System (5)–(9) includes the magnetic pressure pro-

portional to 2 .yb  It is produced by Alfvén waves, for 

which (4) yields the equation  

2 .tt y a zz yb V b    (10) 

In system (5)–(9), the Alfvén wave magnetic pres-

sure serves as a driver generating the perturbation bx, bz, 

vx, vz, ρ. Our purpose is to describe these perturbations. 

Note that to derive (4), (5)–(9) does not require any re-

strictions on the amplitude of Alfvén waves, i.e. directly 

on by and vy. However, since the perturbations described 

by (5)–(9) are generated by the magnetic pressure of 

Alfvén waves, their amplitude is determined by the 

magnetic pressure 2 .yb  For condition (2) to hold, the 

condition B y~ε
1/2 

should be fulfilled. This condition is 

sufficiently weak, which is essential for the application 

of the results to specific magnetospheric phenomena. 

 

2. SECOND-ORDER PERTURBATIONS 

Concretize by according to (10). Suppose that there 

is an initial plasma displacement at which the velocity at 

the initial time ( , , 0) ( , ),yv x z W x z  then ∂tby(x, z, 0) =  

= ∂zW(x, z)≠0; there is no field perturbation at the initial 

time. The nondimensionalized perturbation of the mag-

netic field component y in the Alfvén waves, generated 

by the initial perturbation W(x, z), is  



Second-order perturbations in Alfvén waves in cold plasma approximation 

83 
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  (11) 

where ( , ) ( , ) / (2 ).ab x z W x z V   It comprises two Alf-

vén waves propagating along z in opposite directions 
from the initial perturbation. The magnetic pressure 
caused by the Alfven waves is 

2 2 2( , , ) ( , , ) ( , , ),y y yb x z t b x z t b x z t    

where 
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y a
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  (12) 

and 

     2 , , 2 .y a ab x z t b z V t b z V t     (13) 

It is clear that 2 ( , , )yb x z t  is the magnetic pressure in 

the Alfvén waves propagating in opposite directions 
along the Z-axis from the initial perturbation, 

2 ( , , )yb x z t  is the magnetic pressure perturbation in the 

vicinity of the initial perturbation. Assume that the ini-
tial perturbation exists in the finite region of the XZ 
plane. In this case, we can hold that there is a finite time 
during which the plasma perturbation regions in each 
oppositely propagating Alfvén wave intersect. 

To solve (5)–(9), specify zero initial conditions such 
that t=0 bx=bz=0, vx=vz=0, ρ=0. From (5)–(7) it is 
easy to derive the equation for vx 

 2 2 21

2
tt a x a t x yV v V b       (14) 

with Δ=∂xx+∂zz. This equation is further substituted for 
equation (7) in system (5)–(9). 

Note that (8), (14) can also yield an equation for 

x x z zv v   v  

   2 2 2 21

2
,tt a t a tt a yV V V b         v  (15) 

from which it follows that a propagating Alfvén wave 
can produce only an incompressible flow. 

For the longitudinal plasma velocity component we 
have equation (8). Use notations vz+ and vz– for the lon-
gitudinal velocity perturbations generated by individual 

Alfvén waves with magnetic pressure 2

yb   and 2 ;yb   

denote also 

.z z zv v v      

Obviously, from (8) we get 

2 21
( , , ),

2
t z a z yv V b x z t       

which yields 

2 21 1
( , ), ( , ).

2 2
z a a z a av V b x z V t v V b x z V t        (16) 

We can see that in each of the propagating waves 

plasma moves in the direction of wave propagation. 

This movement is caused not by the initial perturbation, 

but directly by the pressure of propagating waves and 

remains unchanged when t→∞ in the form given by 

(16). Note that the formulas for longitudinal plasma 

velocity in Alfvén wave similar to (16) have been ob-

tained in [Dmitrienko, 2011] for the Alfvén monochro-

matic wave with envelope, excited due to FMS-wave 

transformation in the transversely inhomogeneous 

plasma. For the x plasma velocity component we have 

equation (14) with zero initial conditions. Represent vx 

as ,x x xv v v   where 

 2 2 21

2
;tt a x a x t yV v V b       (17) 

are the initial conditions 

( , , 0) 0,   ( , , 0) 0;x t xv x z v x z      

 2 221
 

2
;tt a x ya t xV v V b       

are the initial conditions 

( , , 0) 0, ( , , 0) 0.x t xv x z v x z     

The perturbation xv  is not further considered be-

cause it decreases as it propagates due to the fact that its 

driver on the right side of the equation for xv  is local-

ized in a certain region in the XZ plane and the finite 

time operates. As for Vx±, represent the solution of equa-

tion (17) as 0 ,x x xv V V    where Vx± meets the condi-

tions 2( ) 0tt xV V      and 21
.

2
x x t yV b     Obvious-

ly, if Vx± satisfies the two conditions, Vx± is a solution of 

(17). The solution Vx± can be chosen as 

    
0

2 2, , ,
2

x
a

x z a a
x

V
V b x z V t b x z V t

      (18) 

where x0 is the arbitrary point. The solution of (18) does 

not satisfy the initial conditions of equation (17) since at 

t=0 ∂ tVx±≠0. We have 

   

 
0

0 0

2 2

0

  , , 0, , , , 

  , , ( , ) .

t x

x

a zz
x

V x z x u x z x

u x z x V b x z dx

 

   
  

Denote also 

0

2 2

0  ( , ) ( , ) ,a zz
x

u z x V b x z dx


      (19) 

0

2 2

0( , ) ( , ) .
x

a zzu z x V b x z dx


      (20) 

Let the initial perturbation region be characterized in 

the x and z coordinates by the Lx, Lz, parameters, i.e. we 

can suppose b
2
(x, z)=0 for |x |>Lx and |z |>Lz. Generally 

speaking, Lx and Lz can be functions of z and x respec-

tively, but to reduce the formulas we assume 

Lx = max|Lx(z)|, Lz = max|Lz(x)|. Then we have for 

xx L  0 0( , , ) ( , ),u x z x u z x  and for 

0 0   ( , , ) ( , ).xx L u x z x u z x    Notice that, although 

( , , 0) 0,xV x z   the solution ( , , ) 0xV x z t   for any 

t≠0 when |x|=∞, i.e. infinitely far away from the initial 
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perturbation. xV   can not therefore be regarded as a 

separate perturbation part having the physical meaning. 

Hence, find vx± — a complete solution of (17) with zero 

initial conditions. This requires the solution of the equa-

tion 

   2 0

0, , , 0tt a xV V x z t x    (21) 

with the initial conditions  0

0, , 0, 0,xV x z x   

 0

0, , 0, .t xV x z x u    Then for 0

x x xv V V    zero 

initial conditions will hold. The solution of (21) has the 
form  

 
 

 
22 2

22 2

0

0

2 2 2 2
.

1

2
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a a
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x

a

z V t x V t z z

z V x V t z z

a

t

V
V

u x z x dx dz

V t x x z z
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   

 


   

    



 
    (22) 

Consider the solution 0

xV  for |x| → ∞. Given 

 
2 2| | x a zx L V t L z    , the x' integration in (22) 

lies outside (–Lx, Lx). So, for such x we have 
0 0( ) ,x xV V    

    
0

0( )

2 2

2

, ,

a
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z a a
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V
V

b x z V t b x z V t dx
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 (23) 

at  
2 2

x a zx L V t L z     and  

    
0
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     

  (24) 

at  
2 2  .x a zx L V t L z       

Thus, taking into account (18), we have 0

x xV V   , 

hence vx±=0 in (22), i.e. for sufficiently large |x|. Fur-

ther, 0

xV  satisfies, in addition to (21), the equation 

 2 0 0tt a x xV V     (25) 

with the initial conditions 

0

0 2 2

( , , 0) 0,

( , , 0) ( , ).

x x

t x x a zz

V x z

V x z V b x z



 




  

Since b
2
(x, z) is localized in the XZ plane, the solu-

tion of (25) is not the wave propagating only along the 
Z-axis. Consequently, the amplitude of the perturbation 
corresponding to the solution of (25) decreases as the 
perturbation propagates from the source: the region, 

where 0 0,x xV   increases, but 0 0x xV   as the 0

xV  

perturbation propagates (unlike the problem for 0 ,xV  in 

which the initial conditions do not tend to zero when |x| 
→ ∞). The solution of this equation has a front whose 

shape tends to a circle 2 2 2 2

ax z V t   when t→∞; out-

side this circle the perturbation is absent; (22) gives an 

estimate of the position of the front of 0

x xV  at finite 

values of t, and (23), (24) yields 0

xV  where 0 0.x xV   

The fact that 0

x xV  tends to zero in the front and behind 

it when t→∞ means that 0

xV  tends to the function inde-

pendent of x. We denote this function as 

0 0 0

0 0 ( ) : ( ( , , )) lim ( , , , ).x as x as t xV V z t x V x z t x  

Find 0( .)x asV  Using that with |x |>Lx for и(x, z, x0) 

(19), (20) are applicable, and the contribution of the 

|x |<Lx integral to the inner integral on the right side of 

(22) tends to 0 as t → ∞, we can write 
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where ξ=x'–x. Thus, 
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Taking into account (19), (20), obtain that for t → ∞ 
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

  

Turning back to xV   as a particular solution of (17), 

make use of the fact that its choice has an arbitrariness, 

which allows us to choose a particular solution of (17) 

in the form of xv  : 

1 2( ) ( ),x x a av V С z V t С z V t        

where C1 and C2 are arbitrary functions of their argu-

ments. We put 

0

1 2( ) ( ) ( ) .a a x asC z V t C z V t V      

Then we get xv   in the form  

,x x xv v v     (26) 

where 

 

    2 2

, ,
4

, , ,

a
x

x x

z a a

V
v x z t

b x z V t dx b x z V t dx



 

 

       

 (27) 

 

    2 2

, ,
4

, , .

a
x

x x

z a a

V
v x z t

b x z V t dx b x z V t dx



 

  

       

(28) 
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As we can see, the function xv   is antisymmetric for 

large values of |x|: 

   

  2

, , lim , ,

, ,
4

limx x x x

a
z a

v x z t v x z t

V
b x z V t dx

   





  

   
  

   

  2

, , lim , ,

, .
4

limx x x x

a
z a

v x z t v x z t

V
b x z V t dx

   





  

   
  

We have at the initial time 

( , , 0) 0,xv x z    

    

2

2 2

( , , 0)
2

, , .

a
t x

x x

zz

V
v x z

b x z dx b x z dx



 

  

     

  

If we introduce a notation ( , )u x z  for 

  ( , , 0) : ( , )   ( , , 0)t x t xv x z u x z v x z     and then find a 

solution of the equation in the form of (21) for 
0

,xV  this 

solution has the form of (22), but with и substituted for 

и . Thus, we obtain for vx± the representation 
0

.xx xv v V    Since 
0

0xV   at ,t   then 

x xv v   at t → ∞; xv   is given by (26)–(28). The 

function xv   is not zero in bands 

,  |  | .z a z ax L V t z L V t         (29) 

For large but finite t, ranges of non-zero vx± are de-

termined by the intersection of the region behind the 

front 
0

x xV  and bands (29); in these ranges, we can as-

sume x xv v  , hence .x x z zv v     Thus, vx± and vz± 

form an incompressible flow, which is consistent with 

the property of Alfvén waves to generate only an in-

compressible flow, which follows from (15). The pres-

ence of the compressible part of the (vx±, vz±) flow re-

sults from non-zero initial conditions (15). 

Define also magnetic field perturbations. Once we 

have found the velocity components, field perturbations 

can be easily obtained from (5) and (6). Let us use ,xb   

zb   to denote the asymptotics of perturbations of the x 

and z components of the nondimensionalized field in 

Alfvén waves, when t → ∞. Obtain 

/ ,  / ,x x a x x ab v V b v V        

and 

/ ,  ./z z a z z ab v V b v V        

The last two equalities suggest, according to (14, 

15), that 

2 21 1
( , ),  ( , ).

2 2
z a z ab b x z V t b b x z V t         

Thus, in Alfvén waves far from the source, the ex-

ternal magnetic field always reduces. 

CONCLUSION 

It has been shown that in the vicinity of an Alfvén 

wave its magnetic pressure gives rise to a plasma flow 

and distorts the magnetic field in a plane perpendicular 

to the direction of the field perturbation and plasma dis-

placement in such a wave. The second-order compressi-

ble perturbation is formed only by the initial perturba-

tion and the interaction between oppositely propagating 

waves. With distance away from the initial perturbation 

it becomes negligible and the wave has only the incom-

pressible perturbation, produced by the magnetic pres-

sure of this wave. Thus, at a sufficiently large distance 

from the region where the initial perturbation occurred, 

second-order perturbations feature an incompressible 

plasma flow and field deformation. These perturbations 

occur in the plane perpendicular to the initial perturbation. 

 For longitudinal, i.e. directed along the unperturbed 

magnetic field, plasma velocity and field deformation, 

there is a very simple relationship between these pertur-

bations and magnetic pressure of the wave, namely: 

longitudinal velocity and field deformation nondimen-

sionalized by the Alfvén velocity and the unperturbed 

magnetic field are respectively equal to half the Alfvén 

wave magnetic pressure nondimensionalized by the 

magnetic pressure of the external magnetic field. As for 

the direction of longitudinal perturbations, the longitu-

dinal movement always occurs in the direction of wave 

propagation, and deformation of the longitudinal field 

always leads to a reduction of the external field, regard-

less of propagation direction. If an Alfvén wave is 

small-scale in a direction perpendicular to the direction 

of wave propagation, the flow and the field deformation 

along the direction of small-scaleness are weak, and the 

flow in the direction of propagation and the trough of 

the external magnetic field predominate; otherwise, the 

field perturbations and plasma velocities prevail which 

are perpendicular to the external magnetic field. 

The features of second-order flows identified in this 

paper allow us to suggest an interpretation of the fast 

plasma flows observed in the magnetotail as a result of 

their generation in Alfvén waves. First of all, these are 

features such as the possibility of the flows to have a 

direction along the geomagnetic field both to and from 

Earth. Besides, for the flow velocity v we have 
2 ,av V   where ε characterizes the Alfvén wave ampli-

tude; the fulfillment of the condition ε
2
<<1 is sufficient 

to apply the results obtained above. Given that the Alf-

vén velocity in PSBL is as high as 6000 km/s, as the 

upper limit of the flow velocity in Alfvén waves within 

the validity limit we obtain the value of ~1000 km/s. 

Thus, generally speaking, we can obtain flows in Alfvén 

waves throughout the observed range of velocities. Note 

also that the assumption about the relationship of plas-

ma flows with Alfvén waves do not contradict the ob-

servations — the flows are usually accompanied by 

significant magnetic field perturbations. Separation of 

observations of the plasma flows driven by Alfvén per-

turbations and the plasma flows existing independently 

of Alfvén waves should primarily be based on the fol-

lowing fact. Movement of the region occupied by the 

plasma flow generated by Alfvén perturbations should 
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occur not with the flow velocity, as it should be for the 

flow existing independently of Alfvén waves, but with 

the Alfvén velocity. In addition, the velocity of the 

plasma flow driven by Alfven waves is associated with 

the Alfvén perturbation amplitude; the magnetic field 

trough should also be observed. 
In connection with the proposed application of the 

results to the magnetotail plasma sheet boundary layer, 
it should also be noted that we assume plasma to be 
uniform, whereas in the said layer it is highly nonuni-
form in the direction which in notations adopted in this 
work corresponds to the x coordinate. Given this nonu-
niformity, the Alfvén velocity in (11) and (12) is a func-
tion of x. Since the above results indicate that the flow 
features are determined primarily by local effects of the 
Alfvén wave magnetic pressure, (11) and (12) with the 
Alfvén velocity as a function of x can be applied to 
qualitative estimates with regard for the inhomogeneous 
structure of PSBL. It is clear that due to the fact that in 
PSBL the Alfvén velocity increases monotonically 
along the X-axis (about 10 times on the scale of the or-
der of Earth’s radius), the Alfvén perturbation region 
propagating along the field deforms, extending along 
the field, but reducing its size in the direction of the 
inhomogeneity — this means that its transversal scale 
becomes smaller than the longitudinal one. Hence, 
whatever the ratio between longitudinal and transversal 
velocities would be in the flow at the beginning of its 
formation, with distance the flow becomes one-
dimensional, directed along the direction of wave prop-
agation, as is mostly observed in fast plasma flows in 
the magnetotail. 

The work was performed with budgetary funding of 
Basic Research program II.12. 
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